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Based on first-principles calculations and tight-binding model analysis, we propose that black
phosphorus (BP) can host a three-dimensional topological node-line semimetal state under pressure
when spin-orbit coupling (SOC) is ignored. A closed topological node line exists in the first Brillouin
zone (BZ) near the Fermi energy, which is protected by the coexistence of time-reversal and spatial
inversion symmetry with band inversion driven by pressure. Drumhead-like surface states have been
obtained on the beard (100) surface. Due to the weak intrinsic SOC of phosphorus atom, a band
gap less than 10 meV is opened along the node line in the presence of SOC and the surface states
are almost unaffected by SOC.
I. INTRODUCTION
The discovery of topological states of matter has at-
tracted broad interests in recent years. It was ignited
by the discovery of two-dimensional (2D) and three-
dimensional (3D) topological insulators (TIs)1–5. These
materials exhibit a bulk energy gap between the va-
lence and conduction bands, similarly to normal insu-
lators, but possess unique gapless boundary states that
are protected by the topology of bulk states. Topolog-
ical states has also been proposed for 3D metals with
stable Fermi surface6, as topological semimetals (TSM).
Recently, there have been great research interest for novel
3D metals with nontrivial band topology defined on their
compact and continuous Fermi surface, which can be
looked as the counterpart of the whole 2D BZ of insu-
lator7. Generally speaking, these 3D metals are topo-
logically stable for their Fermi surfaces enclose nontriv-
ial degenerate band touch points (BTP). Such BTP be-
haves as the “source” or “sink” of Berry flux, and brings
quantized Berry flux when passing through the surround-
ing enclosed Fermi surface8. This quantized number
can be taken as the topological invariant to identify the
band topology of corresponding metals. According to
the Fermi-liquid theory, the physical properties of metals
are mostly determined by the lower energy part around
Fermi level. Therefore, the closer of the Fermi level to
the BTP, the better for manifesting the unique properties
from the band topology of the Fermi surfaces. The ideal
case is that the whole BZ has just the BTP points at the
Fermi level. In this ideal case, the density of states at
Fermi energy is zero and that’s why such nontrivial 3D
metals are called as topological semimetals. Up to now,
three types of TSM, namely Weyl semimetal (WSM),
Dirac semimetal (DSM) and node-line semimetal (NLS)
based on the BTPs’ degeneracy and distribution in BZ,
have been proposed. For WSM, the BTPs are double de-
generate, having definite chirality and appearing in iso-
lated pairs, which are in fact the quasi-particle of Weyl
fermions. For DSM, the BTPs are fourfold degenerate
and can be looked as the “kiss” of two Weyl fermions with
opposite chirality in BZ. For NLS9, the BTPs around the
Fermi level form closed loops in BZ. These three type
of TSMs constitute the TSM “trio”. The intriguing ex-
pected properties characterizing above TSMs include the
surface Fermi arc, the nearly flat surface bands, the neg-
ative magneto-resistivity due to chiral anomaly and the
unique Landau energy level.
Presently, the experimentally extensively studied
DSMs are Na3Bi and Cd3As2,
10 both of which were
predicted theoretically7,11 and then confirmed by sev-
eral experiments12–16. Starting from DSM, which serves
as a singularity point of various topological quantum
states, one can obtain WSM by breaking either time-
reversal17,18 or inversion symmetry19,20. The predic-
tion of WSM state in nonmagnetic and noncentrosym-
metric TaAs family21,22 have been verified by experi-
ments23–28. For the third member of TSM, the coexis-
tence of time-reversal and inversion symmetry protects
NLS in 3D momentum space when SOC is neglected
and band inversion happens29–31. Based on this, there
have been several carbon allotropes re-examined or pro-
posed as host of NLS, including Mackay-Terrones crys-
tal (MTC)29, Bernal graphite32, hyper-honeycomb lat-
tices33, and the interpenetrated graphene network34. It
was also shown that mirror symmetry, instead of in-
version symmetry, together with time-reversal symmetry
can protect NLS when SOC is neglected, like TaAs21 and
Ca3P2
35,36. Due to the correspondence between Dirac
line in bulk and surface states at boundary9,37, the char-
acteristic surface “drumhead”-like state is demonstrated
on the NLS surface.29–31 Such 2D surface states with
nearly zero dispersion are proposed as a route to achiev-
ing high-temperature superconductivity32,38.
In the present work, based on first-principles calcu-
lations and tight-binding model Hamiltonian analysis,
we predict that BP under pressure is another candi-
date for NLS. The rest of the paper is organized as fol-
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2Figure 1. (Color online) (a) Crystal structure of bulk BP and
the hopping parameters tij of the tight-binding model. The
surface in (100) direction with zigzag type and beard type
surface are presented in (a) and (b) respectively. (c) Brillouin
zone of the bulk BP. The node-line is schematically shown
with red color circle which surrounds Z point and lies on the
T-Z-Γ plane. (d) The band structures of BP under hydrostatic
pressure is shown with black color. Band structures calculated
by using four-bands tight-binding model are shown with red
dashed curves.
lows. In section II, we present the crystal structure and
the first-principles calculation methodology. Then we
present the bulk and surface electronic structure of com-
pressed BP form first-principles calculations in Sec. III A.
In Sec. III B, a four-bands tight-binding model is con-
structed and the NL structure, the surface states related
to the terminate way on the (100) surface are studied
from the four-bands tight-binding model. Conclusions
are given at the end of this paper.
II. THE CRYSTAL STRUCTURE AND
COMPUTATION METHOD
BP is the most stable allotrope of the element of phos-
phorus at ordinary temperatures and pressure, which was
successfully synthesized 100 years ago39 and attract great
interest in its monolayers, few-layer and thin film struc-
ture in recent years40–43. It has been proposed that
the properties of BP can be effectively controlled by
strain44–48. A uniaxial compressive strain will switch
BP from a direct band gap semiconductor to an indi-
rect band gap semiconductor, semimetal, or metal44. A
moderate hydrostatic pressure effectively suppresses the
band gap and induces Lifshitz transition from semicon-
ductor to semimetal accompany with SdH oscillations
and giant magnetoresistance47,48. A semiconductor to
band-inverted semimetal transition is also reported can
be tunned by a vertical electric field form dopants in few-
layer BP and the DSM can be achieved at the critical
field49.
The orthorhombic bulk BP belonging to the Cmce
space group (No. 64) with layered structure. Each layer
is a 2D hexagonal lattice which is puckered along the
armchair direction. These monolayers are stacked along
the z direction with van der Waals interactions between
them as shown in Fig. 1(a). In the following calculations,
the primitive cell are used as illustrated in Fig. 1. In the
ambient condition, the bulk BP is a semiconductor with a
gap about 300 meV42. Under quite low pressure, the en-
ergy of valence and conduction bands inverted, and the
BP becomes semimetal47,48,50. In this work, we focus
on the volume of V ≈ 0.88V0 (V0 is optimized equilib-
rium volume by GGA), which is in the band inversion
region51 and corresponds to BP under 1.75 GPa pressure
estimated from our calculation. We find that under such
pressure, BP has robust band inversion and well defined
semimetal feature. The first-principle calculations are
performed by using the Vienna ab initio simulation pack-
age (VASP) based on generalized gradient approximation
in Perdew-Burke-Ernzerhof (PBE)52 type and the pro-
jector augmented-wave (PAW) pseudo-potential53. The
energy cutoff is set to 400 eV for the plane-wave basis and
the BZ integration was performed on a regular mesh of
10×14×8 k-points. A tight-binding model based on max-
imally localized Wannier functions (MLWF) method54,55
has been constructed in order to investigate the surface
states in the (100) direction.
III. RESULTS AND DISCUSSION
A. Electronic structure
The band structure of compressed bulk BP is presented
in Fig. 1 (d). Near the Fermi energy, two bands with op-
posite parity are inverted at the Z point. The intriguing
point of the band structure is that the band crossings
due to the band inversion form a node ring around the Z
point in the T-Z-Γ plane of the BZ as shown in Fig. 1 (c),
which is protected by the coexistence of time-reversal and
inversion symmetry as addressed in Ref. 29 and 30. Only
one node line is presented in the BZ, which is different
from the all-carbon Mackay-Terrones crystal (MTC)29
and antiperovskite Cu3PdN
30,31 where three node lines
exist due to the cubic symmetry in these systems. In the
present of SOC, gaps are opened along the node line. It’s
about 10 meV along Z-Γ direction and 2 meV along T-Γ
direction due to the weak SOC strength of phosphorus
atoms. These results show that the influence by SOC can
be neglected as temperature higher than 100 K.
The band inversion and the node line in compressed
BP indicates that a novel topologically nontrivial surface
states can exist on the surface of bulk BP. In order to
calculate such surface states, we construct a tight-binding
Hamiltonian from MLWF method and obtain a thick slab
along the (100) direction. There are two type of surface
in the (100) direction: the zigzag type and the beard
type as shown in Fig. (1) (a, b). For the zigzag surface,
3Figure 2. (Color online) The surface states of compressed
BP on the (a) zigzag type and (b) beard type surface in the
(100) direction. The surface states exist outside the node ring
for the zigzag type surface and inside the node ring for the
beard type surface.
the calculated surface states are located outside the node
ring as shown in Fig. (2) (a). We attach H atoms on the
zigzag type surface to form the beard surface. A nearly
flat surface state exists inside the node ring as present
in Fig. 2 (b). The 2D structure of the surface states
are presented in Fig. 3 (a). The nearly flat dispersion of
the surface states are proposed as a route to achieving
high-temperature superconductivity32,38. The real space
distribution of wave functions at three special k points as
indicated in Fig. 2 (b) are presented in Fig. 3(b). At the
center of the surface state, the wave function is localized
on the surface region, with penetration depth about 5
layers (about 2.5 nm). Moving away from the center,
the distribution of wave function extend from surface to
bulk.
B. Four-Bands Tight-Binding Model
In this section, we analyze the properties of BP by
performing a four-bands tight-binding model. The tight-
binding model is given as 56
H =
∑
i
ic
†
i ci +
∑
i 6=j
tijc
†
i cj , (1)
where the summation i runs over the lattice sites, c†i (cj)
is the creation (annihilation) operator of electrons at site
i (j), i is the on site energy parameter, and tij is the
hopping parameter between the i-th and j-th sites as
shown in Fig. (1) (a). The fitted parameters read as
Figure 3. (Color online) (a) The side view of the surface state
nested inside the node ring. (b) The real space distribution of
wavefunction (|ψnk(r)|2) at three different k-points (K1, K2
and K3 which are indicted in Fig. 2(b)) on a slab with 80
layers. The surface states are localized on the surface with
penetration depth about 5 layers (5 A˚ each layer).
 = −1.1112 eV, t‖1 = −1.3298 eV, t‖2 = 4.2265 eV, t‖3 =
−0.3605 eV, t‖4 = −0.1621 eV, t⊥1 = 0.5558 eV,t⊥2 =
0.2303 eV.
By performing the Fourier transformation, we ob-
tain the Hamiltonian in momentum space as H =∑
k c
†(k)H(k)c(k), with
H(k) = +
 0 h12 h13 h140 h23 h240 h34
† 0
 , (2)
where
h12 = t
‖
1(1 + e
−ik·a2) + t‖3(e
−ik·a1 + e−ik·(a1+a2)),
h13 = t
‖
4(1 + e
−ik·a2 + e−ik·a1 + e−ik·(a1+a2))
+t⊥2 (e
−ik·a3 + e−ik·(a1+a3)),
h14 = t
‖
2e
−ik·(a1+a2)
+t⊥1 (e
−ik·(a1+a3) + e−ik·(a1+a2+a3)), (3)
h23 = t
‖
2 + t
⊥
1 (e
−ik·a3 + eik·(a2−a3)),
h24 = h13,
h34 = h12, (4)
where a1,2,3 are lattice axis and the basis functions
(φ1, φ2, φ3, φ4) located on the four P-atoms in the unit
4cell are sketched in Fig. (1) (a). The band structure cal-
culated by using the tight-binding model in comparison
with the first-principle bands are shown in Fig. (1) (d).
One can see that the four-bands model is good enough to
describe the low energy band structure of BP. Near the
Fermi energy, both the valence and conduction band are
well reproduced within the energy region of ±0.25 eV.
Beyond that region, the four-bands model does not give
a reliable description due to the limit number of basis
and also for the basis function with different symmetry
compare to the p-orbits of phosphorus56.
As propose in Ref. 57 that the surface states are di-
rectly related to the non-zero Berry phase of a one-
dimensional systems. In the following section, we study
the one-dimensional systems parameterized by the in-
plane momentum k‖ = (k2, k3) for the zigzag and beard
type surface and show its relation to the surface states
for these two cases.
The Berry phase for the one-dimensional system is de-
fined as
θ(k‖) =
∑
n∈occu.
∫
k1
dk1A
1
nn(k‖) (5)
where the summation n runs over occupied states,
A1(k‖) is the Berry connection matrix which is defined
as A1mn(k‖) = 〈um(k)|i∂k1 |un(k)〉 with m and n are
band indices for the occupied states. To calculate the
Berry phase numerically, we use the method proposed in
Ref. 4, 8, and 58, where the Berry connection A(k‖) can
be calculated discretely by introduce the F matrix which
is defined as
F i,i+1m,n (k‖) = 〈m, k1,i, k‖|n, k1,i+1, k‖〉 ≈ e−iA
i,i+1
m,n (k‖)δk1 ,
(6)
where i = 0, ..., N1 defines the discretized position along
k1 direction in the BZ and δk = 2pi/N1a1. We can define
the product of Fi,i+1s as
D(k‖) = F0,1F1,2...FN1−2,N1−1FN1−1,0. (7)
Substitute Eq. (6) into above equation, we have that
D(k‖) =
N1−1∏
i=0
Fi,i+1 =
N1−1∏
i=0
e−iA
i,i+1(k‖)δk
=
{
Pexp
[ ∫
k1
−iA1(k‖)dk
]}
. (8)
Then the Berry phase can be obtained as
θ(k‖) = =
{
log[det(D(k‖)]
}
mod 2pi. (9)
Here, the identical equation det[eM ] = etrM for square
matrix M are used to obtain Eq. (9). The eigenstates
for Hamiltonian 2 can be numerically obtained and the
Berry phase can be calculated following Eqs. (6) to (9).
The calculated Berry phase for the zigzag type surface
equals pi for k‖ outside the node ring, while it is zero for
k‖ inside the node ring.
For the beard type surface, the Hamiltonian matrix
elements in Eq. (2) are listed as
h12 = t
‖
2 + t
⊥
1 (e
ik·a3 + e−ik·(a2−a3)),
h13 = t
‖
4(1 + e
−ik·a2 + e−ik·a1 + e−ik·(a1+a2))
+t⊥2 (e
−ik·(a2−a3) + e−ik·(a1+a2−a3)),
h14 = t
‖
1(e
−ik·a1 + e−ik·(a1+a2)) + t‖3(1 + e
−ik·a2),
h23 = t
‖
1(1 + e
−ik·a2) + t‖3(e
−ik·a1 + e−ik·(a1+a2)),
h24 = t
‖
4(1 + e
−ik·a2 + e−ik·a1 + e−ik·(a1+a2))
+t⊥2 (e
−ik·a3 + e−ik·(a1+a3)),
h34 = t
‖
2 + t
⊥
1 (e
−ik·a3 + eik·(a2−a3)), (10)
where the basis is indicated in Fig. (1) (b). The calcu-
lated Berry phase for the beard surface is just on the
contrary to the zigzag case, which is in agreement with
the surface states as shown in Fig. (2).
IV. CONCLUSION
In summary, we propose that the 3D topological NLS
states can be realized in the compressed bulk BP when
SOC is ignored. A closed node line is found near the
Fermi energy, which is protected by time-reversal and in-
version symmetry with band inverted in the bulk band
structure. The two dimensional surface states are studied
in the (100) direction terminated with zigzag and beard
type surface. The surface states are nested inside the
closed node line on the beard type surface. Its nearly
flat energy dispersion is an ideal playground for many
interaction induced nontrivial states, such as fractional
topological insulator and high-temperature superconduc-
tivity.
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